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ON NILPOTENT GENERATORS OF THE SYMPLECTIC LIE
ALGEBRA
ALISA CHISTOPOLSKAYA
Abstract. Let sp
2n
(K) be the symplectic Lie algebra over an algebraically closed field of
characteristic zero. We prove that for any nonzero nilpotent element X ∈ sp2n(K) there
exists a nilpotent element Y ∈ sp
2n
(K) such that X and Y generate sp
2n
(K).
1. Introduction
It is an important problem to find a minimal generating set of a given algebra. This
problem was studied actively for semisimple Lie algebras. In 1951, Kuranishi [8] observed
that any semisimple Lie algebra over a field of characteristic zero can be generated by two
elements. Twenty-five years later, Ionescu [6] proved that for any nonzero element X of a
complex or real simple Lie algebra g there exists an element Y such that the elements X
and Y generate the Lie algebra g. In 2009, Bois [2] proved that any simple Lie algebra in
characteristic different from 2 and 3 can be generated by two elements. He also extended
Ionescus result to classical simple Lie algebras over a field of characteristic different from 2
and 3. In [3] we obtained an analogue of Ionescu’s result for nilpotent generators of the
special linear Lie algebra sln. This paper is devoted to the case of the symplectic Lie algebra
over an algebraically closed field K of characteristic zero.
Theorem 1. For any nonzero nilpotent element X ∈ sp2n(K) there exists a nilpotent
element Y ∈ sp2n(K) such that X and Y generate sp2n(K).
The idea of the proof is to reduce the problem to the case when X is the lowest weight
vector in the adjoint representation [4, Theorem 4.3.3]. In this case we take as Y an element
from the principal nilpotent orbit.
In the last section we discuss a conjecture generalizing Theorem 1 to an arbitrary simple
Lie algebra. We also hope for possible applications of our results to transitivity properties of
the symplectomorphism group of A2n. More precisely, Conjecture 2 claims that for all n > 2
one can find three one-parameter subgroups U1, U2, U3 of symplectomorphisms of A
2n such
that the group H = 〈U1, U2, U3〉 acts infinitely transitively on A
2n.
The author is grateful to her supervisor Ivan Arzhantsev for posing the problem and
permanent support and to Ernest Vinberg for useful discussions and suggestions.
2. Main results
Let g be a semisimple Lie algebra over an algebraically closed field K of characteristic
zero and Φ be the root system of the algebra g. Fix a Cartan subalgebra h and consider
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the root space decomposition with respect to h:
g = h⊕
⊕
α∈Φ
gα.
An element T ∈ h is called consistent if α(T ) 6= 0 holds for any α ∈ Φ, and for all α, β ∈ Φ
the condition α 6= β implies α(T ) 6= β(T ). Denote by vα an arbitrary nonzero element of
the line gα.
Lemma 1. A consistent element T and the element N =
∑
α∈Φ
vα generate g.
Proof. Consider the following m = dim g− dim h elements:
A1 = [T,N ], Ai = [T,Ai−1], i = 2, . . . , m.
Note that all elements Ai belong to
⊕
α∈Φ
gα and A1, . . . , Am are linearly independent. Indeed,
if we consider their coordinates in the basis {vα}α∈Φ, we come to a Vandermonde matrix
for numbers α(T ), where α ∈ Φ. Since T satisfies the consistensy conditions, it follows that
this Vandermonde matrix has a nonzero determinant.
Hence, the matrices Ai form a basis of the space
⊕
α∈Φ
gα. This means that the subalgebra
generated by T and N contains all vα and coincides with g. 
Let V be a 2n-dimensional vector space over K. The symplectic Lie algebra sp2n(K) is the
algebra of all linear transformations of V which annihilate a non-degenerate skew-symmetric
bilinear form Ω. Below in this section we consider g = sp2n(K).
Lemma 2. Theorem 1 holds if X is the lowest weight vector.
Proof. Let us fix a basis e1, . . . , e2n in V such that Ω =
(
0 E
−E 0
)
. Then the subspace
of all diagonal matrices in g is a Cartan subalgebra h. Consider the set of simple roots ∆
corresponding to the matrices Ei,i+1−En+i+1,n+i, i = 1, . . . , n−1 and En−1,2n. Choose these
matrices as vα, α ∈ ∆. Denote by ψ the highest root with respect to ∆. It corresponds to the
matrix unit vψ = E1,n+1, and the lowest root −ψ corresponds to the matrix v−ψ = En+1,1.
Define
T = (−1)n−1v−ψ +
∑
λ∈∆
vλ =


0 1 . . . 0 0 . . . 0 0
...
...
. . .
...
...
. . .
...
...
0 0 . . . 1 0 . . . 0 0
0 0 . . . 0 0 . . . 0 1
(−1)n−1 0 . . . 0 0 . . . 0 0
0 0 . . . 0 −1 . . . 0 0
...
...
. . .
...
...
. . .
...
...
0 0 . . . 0 0 . . . −1 0


.
Our aim is to apply Lemma 1 to elements T and X = v−ψ. Note that Lemma 1 holds if we
replace N by N +H , where H ∈ h. Since T 2n = E, the element T is semisimple. Moreover,
if λ is a root of unity of order 2n then
v = e1 + λe2 + λ
2e3 + · · ·+ λ
n−1en +
(−1)n−1
λ
en+1 +
(−1)n
λ2
en+2 + · · ·+
1
λn
e2n
is an eigenvector of T with the eigenvalue λ. It follows that all eigenvalues of the operator T
are roots of unity of order 2n and thus T is consistent.
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Since T is semisimple, one can include it into a Cartan subalgebra h˜. Consider the
root space decomposition of g with respect to h˜: g = h˜ ⊕
⊕
β∈Φ
g˜β. Let us now show that
X = H˜ +
∑
β∈Φ
v˜β, where H˜ ∈ h˜ and v˜β is an arbitrary nonzero element of the line g˜β.
Subalgebras h and h˜ are conjugated by an element of the group Sp2n(K). In other words,
there exists a matrix C ∈ Sp2n such that C
−1TC is a diagonal matrix. It remains to show
that all entries of the matrix C−1En+1,1C outside the main diagonal are non-zero.
It sufficient to check that all entries of the (n+ 1)th column of the matrix C−1 are non-
zero, which is equivalent to the fact that en+1 and any 2n−1 eigenvectors of the operator T
are linearly independent. Let ξ be a primitive root of unity of order 2n. Since the matrix C
consists of eigenvectors of the operator T , it coincides with the matrix

1 1 1 . . . 1
1 ξ ξ2 . . . ξ2n−1
1 ξ2 ξ4 . . . (ξ2)2n−1
...
...
...
. . .
...
1 ξn−1 (ξn−1)2 . . . (ξn−1)2n−1
1 ξ−1 (ξ−1)2 . . . (ξ−1)2n−1
...
...
...
. . .
...
1 ξ−n (ξ−n)2 . . . (ξ−n)2n−1


=


1 1 1 . . . 1
1 ξ ξ2 . . . ξ2n−1
1 ξ2 ξ4 . . . (ξ2)2n−1
...
...
...
. . .
...
1 ξn−1 (ξn−1)2 . . . (ξn−1)2n−1
1 ξ2n−1 (ξ2n−1)2 . . . (ξ2n−1)2n−1
...
...
...
. . .
...
1 ξn (ξn)2 . . . (ξn)2n−1


up to permutation and scalar multiplication of rows or columns. If we replace any column
of this matrix by coordinates of the vector en+1, we get a Vandermonde matrix for 2n− 1
different numbers from the set {1, ξ, . . . , ξ2n−1}.
Using Lemma 1 we obtain that T and X = v−ψ generate sp2n(K). So elements X and
Y = T + (−1)n ·X =
∑
λ∈∆
vλ generate sp2n(K) and the element Y is nilpotent. 
Proof of the Theorem 1. Let X be a non-zero nilpotent element of sp2n(K). The closure of
the orbit of X under the adjoint action of Sp2n(K) contains the lowest weight vector X0
[4, Theorem 4.3.3]. Lemma 2 implies that there exists a nilpotent Y0 ∈ sp2n(K) such that
X0 and Y0 generate sp2n(K). Note that the set of elements Z such that Z and Y0 generate
sp2n(K) is open in Zariski topology. So this set contains an element from the orbit of X .
It follows that for the element X there exists an element Y in the orbit of Y0 such that X
and Y generate sp2n(K). 
3. Examples
Let us give two examples with specific pairs of nilpotent matrices generating sp2n(K).
Example 1. It follows from Lemma 2 that the matrices N =
n−1∑
i=1
(Ei,i+1 −En+i+1,n+i) +
En,2n and En+1,1 generate sp2n(K).
Let g be a semisimple Lie algebra over an algebraically closed field K of characteristic
zero. Let Φ be the root system of the algebra g and ∆ be a set of simple roots. Denote
by Φ+ and Φ− the set of positive and negative roots of Φ with respect to ∆. Consider the
elements N =
∑
α∈∆
vα and M =
∑
α∈∆
λαv−α, where {λα}α∈∆ are choosen in such a way that
the element T = [N,M ] satisfies the following conditions: α(T ) 6= 0 holds for any α ∈ ∆,
and for all α, β ∈ ∆ the condition α 6= β implies α(T ) 6= β(T ).
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Proposition 1. The nilpotent elements N and M generate g.
Proof. Similarly to the proof of Lemma 1, we obtain that the subspace
∑
α∈∆
gα is contained in
the subalgebra a generated by the elements T and N . It follows that the subalgebra
∑
α∈Φ+
gα
is contained in a. Similarly, the subalgebra
∑
α∈Φ−
gα is contained in a as well. Hence N and
M generate g. 
The following example illustrates Proposition 1 for g = sp2n(K).
Example 2. Let us consider the matrix N from Example 1 and the matrix
M =


0 . . . 0 0 0 0 . . . 0
λ1 . . . 0 0 0 0 . . . 0
...
. . .
...
...
...
...
. . .
...
0 . . . λn−1 0 0 0 . . . 0
0 0 . . . 0 0 −λ1 . . . 0
...
...
. . .
...
...
...
. . .
...
0 0 . . . 0 0 0 . . . −λn−1
0 0 . . . λn 0 0 . . . 0


, where λi = 3
i.
Define T = [N,M ] = diag(λ1, λ2−λ1, . . . , λn−λn−1,−λ1, λ1−λ2, . . . , λn−1−λn). Simple
roots from ∆ take pairwise different nonzero values on T , so M and N satisfy conditions
of Proposition 1.
4. Conjectures and remarks
Let us make some observations on the case of an arbitrary simple Lie algebra g over an
algebraically closed field K of characteristic zero.
Conjecture 1. For any nonzero nilpotent element X ∈ g there exists a nilpotent element
Y ∈ g such that X and Y generate g.
The final part of the proof of Theorem 1 holds for any simple Lie algebra g. Hence, in
the case of an arbitrary simple Lie algebra the proof of Conjecture 1 reduces to Lemma 2.
The first idea is to take the same nilpotent Y as in the proof of Lemma 2, but it does not
always work. For example, for g = sl2n(K) the elements X and Y from Lemma 2 generate
not g but its proper subalgebra sp2n(K). It can be shown that the elements X and Y always
generate a reductive Lie algebra. In [7, Section 6] Kostant showed that the sum of these
elements is a semisimple regular element.
This paper had been prepared when the author found the work [5]. One can notice that
[5, Theorem 2.8] implies Conjecture 1 for Lie algebras whose system of simple roots has no
automorphism. The proof is based on computations in computer algebra system GAP. It is
used to verify that the lowest weight vector and the element Y from the proof of Lemma 2
generate the Lie algebra g.
Let us now come to a possible application of Theorem 1. An action of a group H on a
set X is called infinitely transitive if for all positive integer m for any two tuples of pairwise
distinct points x1, . . . , xm and y1, . . . , ym in X there exists an element h ∈ H such that
h · xi = yi for all 1 ≤ i ≤ m.
Let An be the affine space of dimension n and Ga be the additive group of the ground
field K. Denote by SAut(An) the subgroup of Aut(An) generated by all Ga-subgroups
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in Aut(An). It is easy to see that for n ≥ 2 the group SAut(An) acts infinitely transitively
on An. It is an interesting question whether there exists a finite number of Ga-subgroups
in SAut(An) such that the group generated by them acts infinitely transitively on An. Our
result in [3] enabled to prove the following theorem.
Theorem 2. [1, Theorem 5.17] For all n > 2 one can find three Ga-subgroups U1, U2, U3
in SAut(An) such that the group H = 〈U1, U2, U3〉 acts infinitely transitively on A
n.
The exponential map establishes a correspondence between nilpotents in a Lie algebra g
and Ga-subgroups in the corresponding algebraic group G. Hence Theorem 1 implies that
for each Ga-subgroup U1 of Sp2n(K) there exists a Ga-subgroup U2 of Sp2n(K) such that
〈U1, U2〉 = Sp2n(K). In particular, the group 〈U1, U2〉 acts transitively on A
2n \ {0}.
An algebraic automorphism of A2n is called a symplectomorphism if its differential pre-
serves a non-degenerate skew-symmetric bilinear form at each point on A2n. Involving
one-parameter subgroup of non-linear symplectomorphisms we can hope for symplectic
analogue of [1, Theorem 5.17].
Conjecture 2. For all n > 2 one can find three Ga-subgroups U1, U2, U3 of symplectomor-
phisms of A2n such that the group H = 〈U1, U2, U3〉 acts infinitely transitively on A
2n.
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